ABSTRACT. In this paper we define the notion of relative subalgebra of an MV-algebra A. A particular case of this notion is the notion of interval subalgebra of A; this has been already studied in the literature.
Introduction
Several times it happens that given an MV-algebra A, special subsets of A, which are MV-algebras but not MV-subalgebras of A, are considered, and that they help in getting information about A. Indeed the same happens in the theory of Boolean Algebras, where relative algebras are considered, see [9] . We recall that Sikorski [10] and Tarski [11] proved the following generalization of the Cantor-Bernstein theorem: For any two σ-complete Boolean algebras A and B and elements a ∈ A and b ∈ B, if B is isomorphic to the interval [0, a] ⊆ A and A is isomorphic to [0, b] ⊆ B, then A and B are isomorphic. It can be seen, then, that subsets of Boolean algebras which are Boolean algebras play a role.
RELATIVE MV-ALGEBRAS AND RELATIVE HOMOMORPHISMS
Let M V be the variety of all MV-algebras, N be the set of all positive integers and p ∈ N. Denote by K p the locally finite subvariety of M V generated by the finite chains S i = {0, 
. , S p }).
Let F p (m) be the m-generated free M V -algebra in the variety K p and F (m) be the m-generated free M V -algebra in the variety M V .
As we shall show, the new class of morphisms between MV-algebras helps in describing a hidden relationship between F p (1) algebras, p varying over the set of all positive integers, and F (1).
Actually we show that:
1. up to isomorphism, every one-generated free F p (1) algebra is a relative MV-subalgebra of the cyclic free MV-algebra F (1), for any p;
2. up to isomorphism, the set of one-generated free F p (1) algebras, p varying in the set of all positive integers, forms a directed system in the category of relative MV-algebras;
3. up to isomorphism, each one-generated free F p (1) algebra is a retractive subalgebra of F (1), in the category of relative M V -algebras;
4. there is a family D = {D p } p∈N of finite sequences of elements of Q ∩ [0, 1] (sub-Farey sequences), such that each element D p ∈ D allows us to cut out a relative MV-subalgebra of F (1), which is isomorphic to F p (1) .
We shall refer to [2] for any unexplained notion on MV-algebras and, for a better readability of the paper, we confine to Appendix the results, useful for our aims, which essentially concern with elementary properties of the integer numbers.
Relative MV-subalgebras
Let A = (A, ⊕, * , 0) be a nontrivial MV-algebra, 1 = 0 * and xy = (x * ⊕ y * ) * . Following the tradition, we consider the * operation more binding than any other operation, and the product more binding than the addition.
Let a, b ∈ A, with a b.
We call relative MV-subalgebra of A every nonempty subset P A (a, b) of [a, b] closed with respect the above operations. If a = b we say that the relative MV-subalgebra P A (a, b) is trivial. In the sequel, when there is no ambiguity, we shall drop the subscript A.
ÈÖÓÔÓ× Ø ÓÒ 2º Let P (a, b) be a relative MV-subalgebra of A. Then (P (a, b) ,
The thesis follows from Lemma 1. 2. is commutative; it follows by definition.
Exchanging the roles of x and y, we get (y x) x = x∨y. Thus the equality 5 is proved.
Given an MV-algebra
, then the relative MV-subalgebra P (a, b) of A will be called interval algebra of A or simply interval algebra.
Example. We shall now exhibit an example of relative subalgebra which is not an interval algebra.
Let F (1) be the MV-algebra of McNaughton functions with one variable. Let a = 0, the function identically zero on [ 
, where x is the generator of F (1). Set P (a, b) = {a, b, f, g}, we get that (P (a, b) , , − , a) is a relative subalgebra of F (1), which is not an interval subalgebra of F (1).
Beginning from the MV-algebra (P A (a, b) , , − , a) and two elements c, d ∈ P A (a, b) with c < d, we can construct a relative MV-subalgebra 
The next proposition shows that every relative MV-subalgebra of P A (a, b) is a relative MV-subalgebra of A. Indeed we have:
The category of relative MV-algebras
Ò Ø ÓÒ 4º Let A and B be MV-algebras. We call relative homomorphism 
ÈÖÓÔÓ× Ø ÓÒ 6º
Every homomorphism h from A to B is a relative homomorphism.
ÓÖÓÐÐ ÖÝ 7º The identity 1 A , defined on the MV-algebra A is a relative homomorphism.
There are relative homomorphisms which are not homomorphisms. As an example consider the two finite MV-chains S 2 = {0, . The mapping h is a relative homomorphism from S 2 to S 5 , but is not a homomorphism from S 2 to S 5 .
Ì ÓÖ Ñ 8º
The class rM V , whose objects are MV-algebras and whose morphisms are the relative homomorphisms, is a category. P r o o f. By Corollary 7, every object A has the identity.
Let us consider, as categorical composition, the ordinary composition of functions. Then it is immediate to show that f • g is a relative homomorphism and
, for every triplet f, g, k of relative homomorphisms.
Ò Ø ÓÒ 9º
Let A and B be MV-algebras. We call interval homomorphism
h(D) is an interval MV-subalgebra of B and the restriction of h to D is an MV-homomorphism from D to h(D).
If h is an injective map, we will say that h is an interval isomorphism 
ÈÖÓÔÓ× Ø ÓÒ 10º Every homomorphism h from A onto B is an interval homomorphism.

P r o o f. We shall limit ourselves to verifying that if
D = [a, b] is an interval of A, then h(D) = [h(a), h(b)]. Being h a homomorphism, h(D) ⊆ [h(a), h(b)]. Let now y ∈ [h(a), h(b)]; by surjectivity of h, there is x ∈ A, such that h(x) = y. Thus z = a ∨ (x ∧ b) ∈ [a, b] and h(z) = y.
ÓÖÓÐÐ ÖÝ 11º
Ì ÓÖ Ñ 13º The category M V is a subcategory of intM V , and intM V is a subcategory of rM V .
We notice that an example of interval homomorphism is given by the mapping h b : A → A defined in the introduction. Furthermore, given the MV-algebras A and B and a map h :
Hence genuine morphisms of the full subcategory of intM V made by Boolean algebras are involved in the claim of a theorem of Cantor-Bernstein type already mentioned in the introduction. More precisely we have:
Ì ÓÖ Ñ 14º For any two σ-complete Boolean algebras A and B and elements a ∈ A, b ∈ B and interval homomorphisms ϕ : A → B and ψ : B → A such that ϕ(A) is MV-isomorphic to the interval algebra [0, b], ψ(B) is MV-isomorphic to the interval algebra [0, a], then there is an interval isomorphism (actually an MV-isomorphism) between A and B.
Similar translations can be obtained for other MV-algebraic generalizations of the Cantor-Bernstein theorem.
Free MV-algebras
Set ϕ(1) = {0, 1}. For n ∈ N \ {1}, we shall denote by ϕ(n) the set of all c ∈ N such that c < n and gcd(c, n) = 1.
On the set of positive integers N we define the function v m (x) as follows:
If we consider the case m = 1 and set ϕ(1) = {0, 1}, then we have
It is known that:
P r o o f. For p = 1 the thesis is true. Then we proceed by induction. 
From (i) and (ii) it follows: As we shall see, each sequence D p allows us to cut out a relative subalgebra of F (1), which is isomorphic to F p (1) . Indeed now we are going to map the set of sub-Farey sequences to a subset of McNaughton functions.
For every f ∈ F p (1), let F be the following function:
Finally set
o t h e r w i s e .
Thus g p (f ) is a continuous piecewise linear function, whose graph consists of the segments joining the points (
be the zeroset of g. Then, with the above notation, by definitions and Remark 19(iii), we get:
, then we get:
g p is an injective map from
P r o o f.
1. We have to show that the coefficients of g p (f ) are integer numbers. Section 8 and Remark 19), we have
RELATIVE MV-ALGEBRAS AND RELATIVE HOMOMORPHISMS
Moreover, using Remark 19, Section 8 and Remark 19), we have
Moreover, using Remark 19,
The theorem is completely proved.
Remark 23º
For any p ∈ N and k n ∈ T p , set:
1.
h m as the previous element of
Then, by Remark 23, each α p k n , p ∈ N, k n ∈ T p , is, like a Schauder hat (see [2, p. 58] ), a function whose graph consists of the four segments joining the points (0, 0),
otherwise. ÓÖÓÐÐ ÖÝ 25º For every f ∈ F p (1), 
In the last expression
By Corollary 25
RELATIVE MV-ALGEBRAS AND RELATIVE HOMOMORPHISMS
Moreover, applying Proposition 24,1 and the distributive property of the product with respect to ∧ and ∨,
where f (
The above statements show that G p (1) is closed under and − . Thus G p (1) is a relative subalgebra of F (1) and g p respects the operations.
By Theorem 22,2 g p is an MV-isomorphism between F p (1) and MV-algebra
With the aim to give a definition of relative directed family of MV-algebras, we introduce some notations.
For p q, set
Let u p,q ∈ F p,q (1) be the function defined by: 
ÈÖÓÔÓ× Ø ÓÒ 28º For p, q ∈ N and p q, e p,q is a relative isomorphism from
Finally we set
where k is defined by k = g q (e p,q (g 
A retraction
Let p be a positive integer. We define the following binary relation on F (1):
The relation ≡ p is a congruence of F (1) and (F (1)/ ≡ p ) ∼ = F p (1). Thus, by ≡ p , we can define an MV-homomorphism h p from F (1) to F p (1) . In symbols
Then the map g p • h p , which we shall denote by δ p , is a relative-homomorphism from F (1) to G p (1) . Since G p (1) is a relative-subalgebra of F (1), the identity map i p provides a relative-homomorphism from G p (1) to F (1), too.
Summarizing, we get the following relative-homomorphisms:
A direct inspection proves that the following relation holds:
being ID G p (1) the identity map of G p (1) . By the above relation we get:
ÈÖÓÔÓ× Ø ÓÒ 32º For every p ∈ N, G p (1) is a retract of F (1) in the category rM V .
Appendix
Let Z be the set of all the integers, and N = Z + be the set of all the positive integers and Z − the set of all the negative integers.
Let n ∈ N \ {1} and k ∈ ϕ(n). It is well known that the set
To make easier the notations we set:
